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This paper considers the estimation of the Launch Points (LP)

of ballistic targets from two or more passive satellite-borne sensors

by fusing their angle-only measurements. The targets are assumed

to have a two-stage boost phase with a free-flight phase between

the two stages. Due to the passive nature of the sensors, there is

no measurement during the free-flight motion. It is also assumed

that measurements are available only after a few seconds from

the launch time due to cloud cover. In the literature, profile-

based methods have been proposed to estimate the target’s launch

point and trajectory. Profile-based methods normally result in large

errors when there is a mismatch between actual and assumed

profiles, which is the case in most scenarios. In this paper, a

profile-free method is proposed to estimate the target states at

the End-of-Burnout (EOB) and LP. Estimates at the EOB are

obtained by using forward-filtering with adaptive model selection

based on boost phase changes. The LP estimates are obtained using

smoothing followed by backward prediction. Uncertainties in the

motion model and the launch time must be incorporated in the

backward prediction. The LP estimate and the corresponding error

covariance are obtained by incorporating the above uncertainties.

Simulation results illustrating the performance of the proposed

approach are presented.
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1. INTRODUCTION

Estimating the Launch Points (LP) of ballistic targets

is an important problem in missile defence in order to

take action against them. In the literature, profile-based

and profile-free methods have been proposed to estimate

the states of a target at end-of-burnout (EOB) and/or

LP using active or passive sensors [6, 7, 12, 13, 22].

In profile-based methods, most model parameters are

assumed to be known [12, 16]. In [12], a profile-based

maximum likelihood estimation method was proposed

to find the launch point estimate. In [21], estimating

the launch parameters using an analytic approximation

of the trajectory and an Unscented Kalman Filter (UKF)

was analyzed. The profile-based methods will give good

results when the model assumptions are accurate. How-

ever, when the model is poor, estimates of the profile-

based methods will have large errors.

The influence of a priori uncertainties in launch time

and trajectory profile on estimation of launch point us-

ing spaced-based infrared sensors was analyzed in [5].

In [22], the advantages of profile-free methods for EOB

state estimation were explained with examples. The

launch and impact point estimation of a ballistic tar-

get using radar measurements under different hypothe-

ses on the available prior knowledge was studied in

[3]. In that paper, nonlinear batch estimator combined

with a recursive multiple model particle filter was pro-

posed. In [10], the advantages of the Particle Filter (PF)

over the Kalman Filter (KF) based Interacting Multiple

Model (IMM) trackers for the launch point estimation

of ballistic targets with single stage boost phase was

analyzed. A launch point estimation algorithm using

U-D factorization-based Kalman filter and Rauch-Tung-

Striebel (RTS) smoother was proposed in [14].

In this paper, a profile-free method is proposed to

estimate the LP of a ballistic target that has a two stage

boost phase with a free-flight phase between the two

phases. Two or more satellite-borne passive sensors,

which measure the azimuth and elevation, are available

to provide measurements. In most cases, an IMM filter

will be a better choice to track a target with maneuvers.

However, if the maneuver models and the times at which

maneuvers occur are known, then a single model filter

with time-varying model can be used instead of IMM.

If there is no free-flight phase between two stages, it

would be challenging to know the stage changes of the

boost phase. Due to the passive nature of the sensors,

no measurements will be obtained during the free-flight

phase. Hence, the times at which boost phase’s stage

changes occur are known accurately. In this paper, a

profile-free single time-varying model filter is proposed

to estimate the states at EOB and LP.

The estimate of the target state at the first measure-

ment time can be improved by performing smoothing

with all available measurements. The first measurement

will be typically received only after a few seconds from

the launch time due to cloud cover. A backward predic-
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Fig. 1. Acceleration for a sample boost phase.

tion from first measurement time is needed to find the
LP estimate. Uncertainties in the launch time and in the
dynamic model must be considered while performing
backward prediction. A least squares estimation method
is proposed for the above backward prediction.
It is always beneficial to estimate the LP as soon

as possible. However, the use of measurements over
multiple time steps will improve the accuracy of the
LP estimate. Due to motion model uncertainties and
target maneuvers, measurements beyond a certain time
might not add much information to the LP estimate.
The Posterior Cramer-Rao Lower Bound (PCRLB) is a
useful bound to predict the performance of an estimator
[19, 20]. The contribution of the measurements over
time to the EOB and LP state estimates can be evaluated
using the PCRLB. Based on these PCRLBs, one can
decide whether to use all available measurements over
time or a subset of them in estimating the LP and EOB
states. The PCRLB equations and values for simulations
for forward filtering and smoothing are given in this
paper.
The remainder of the paper is structured as follows.

Section 2 describes the problem considered in this pa-
per. The dynamic models used in the approach are given
in Section 3. The profile-free estimation algorithm is ex-
plained in Section 4. Section 5 presents simulation re-
sults that demonstrate the effectiveness of the approach.
Conclusions are presented in Section 6.

2. PROBLEM STATEMENT

The following assumptions are made:

² The target has a two-stage boost phase.
² There is a free-flight phase between the two stages of
the boost phase.

² No measurements are available during the free-flight
phase.

² No measurements are available for a few seconds
from the launch time.

The acceleration magnitudes of a sample boost phase

[4] are shown in Fig. 1. In this sample boost phase,

the first boost stage is from t1 = 0 to t2 = 55 s and the

second boost phase is from t3 = 60 to t4 = 110 s with

a free-flight phase from t2 = 55 to t3 = 60 s. There is a

continuous reduction in the acceleration from t2¡ td =
50 to t2 = 55 s, where td is the first stage boost decay

time.

Measurements are azimuth μ and elevation ° (in

radians). The measurement equation for sensor j is

given by

zj(k) =

·
μj(k)

°j(k)

¸

=

26664
atan

μ
y(k)¡ yjs (k)
x(k)¡ xjs(k)

¶
atan

Ã
z(k)¡ zjs (k)p

(x(k)¡ xjs(k))2 + (y(k)¡ yjs (k))2

!
37775

| {z }
h(xp(k),x

j
s (k))

+wj(k)

(1)

where (x, y, z) and (xjs , y
j
s , z

j
s ) are the locations of

the target and sensor j, respectively, xp = [x y z]
0 is

the target position vector, atan(¢) is the four-quadrant
arctangent, and wj(k) is a zero-mean Gaussian random

variable with covariance Rj(k).

3. DYNAMIC MODELS

The dynamic equation is given by

x(k+1) = F(k)x(k) + v(k) (2)

where x(k) is the state vector, F(k) is the state transition
matrix, and v(k) is zero-mean white noise with covari-

ance Q(k). The dynamic models used in this paper are

given below.

3.1. White Noise Jerk model

This is also called Wiener Process Acceleration

(WPA) model. In this model, the state vector comprises

position, velocity, and acceleration. The state transition

matrix F(k) and process noise covariance Q(k) (in one

generic coordinate) are given by (this is the discretized

continuous time model, CWPA) [2]

F(k) =

2641 T T2=2

0 1 T

0 0 1

375 (3)

and

Q(k) = qm

264T
5=20 T4=8 T3=6

T4=8 T3=3 T2=2

T3=6 T2=2 T

375 (4)

where T is the sampling interval1 at k, i.e., T = tk+1
¡ tk, and qm is the power spectral density (PSD) of

the continuous time process noise (with dimension

[length]2=[time]5).

1The sampling interval is assumed constant, but it can be variable, in

which case Tk should be used in (3)—(8).
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3.2 Wiener Process Jerk Model

In this model (WPJ), the state vector comprises posi-

tion, velocity, acceleration, and jerk. The state transition

matrix F(k) and process noise covariance Q(k) (in one

generic coordinate) are given by (this is the discretized

continuous time model, CWPJ)

F(k) =

26664
1 T T2=2 T3=6

0 1 T T2=2

0 0 1 T

0 0 0 1

37775 (5)

and

Q(k) = qm

26664
T7=252 T6=72 T5=30 T4=24

T6=72 T5=20 T4=8 T3=6

T5=30 T4=8 T3=3 T2=2

T4=24 T3=6 T2=2 T

37775 (6)

where qm is the PSD of the continuous time process

noise (with dimension [length]2=[time]7).

3.3. Exponentially Autocorrelated Acceleration Model

This model is also called the Singer model. In this

model, the state vector comprises position, velocity, and

acceleration. The state transition matrix F(k) and pro-

cess noise covariance Q(k) (in one generic coordinate)

are given by [2, 11]

F(k) =

2641 T (®T¡ 1+ e¡®T)=®2
0 1 (1¡ e¡®T)=®
0 0 e¡®T

375 (7)

and

Q(k) = 2®¾2m

264T
5=20 T4=8 T3=6

T4=8 T3=3 T2=2

T3=6 T2=2 T

375 (8)

where the acceleration autocorrelation is Efa(t)a(t+ ¿ )g
= ¾2me

¡®j¿ j. In the above, ¾2m is the instantaneous vari-
ance of the acceleration and 1=® is the time constant of

the target acceleration autocorrelation.

4. PROFILE-FREE ESTIMATION ALGORITHM

4.1. Track Initialization for Asynchronous Sensors

One-point initialization with the first measurement

is used to initialize the target. Additional information

other than the bearing and elevation measurements is

needed to initialize the position in 3-D coordinates

with a single measurement. It is reasonable to assume

that the target’s altitude will only be a few kilometers

at the first detection time. Hence, the target altitude,

ẑ(1), is assumed to be ẑ(1) = hmax=2 with variance ¾
2
h =

h2max=12, where hmax is the possible maximum altitude

at the first measurement time. If the first measurement

is received from sensor i, then the target’s position is

initialized as

264 x̂(1)ŷ(1)

ẑ(1)

375=
26666664
xis(1)+

(ẑ(1)¡ zis(1))
tan(°i(1))

cos(μi(1))

yis(1)+
(ẑ(1)¡ zis(1))
tan(°i(1))

sin(μi(1))

hmax
2

37777775 (9)

with covariance

P(1) = (H̄i(1)0R̄i(1)¡1H̄i(1))¡1 (10)

where R̄i(1) = diag(Ri(1),¾2h) and

H̄i(1) =
@h̄(xp(1),x

i
s(1))

@xp(1)
(11)

is the Jacobian matrix with elements

H̄i(1)(1,1) =¡ (ŷ(1)¡ y
i
s(1))

(dih)
2

(12)

H̄i(1)(1,2) =
(x̂(1)¡ xis(1))

(dih)
2

(13)

H̄i(1)(1,3) = 0 (14)

H̄i(1)(2,1) =
¡(ẑ(1)¡ zis(1))(x̂(1)¡ xis(1))

dih(d
i
v)
2

(15)

H̄i(1)(2,2) =
¡(ẑ(1)¡ zis(1))(ŷ(1)¡ yis(1))

dih(d
i
v)
2

(16)

H̄i(1)(2,3) =
dih
(div)

2
(17)

H̄i(1)(3,1) = 0 (18)

H̄i(1)(3,2) = 0 (19)

H̄i(1)(3,3) = 1 (20)

with

dih =

q
(x̂(1)¡ xis(1))2 + (ŷ(1)¡ yis(1))2 (21)

div =

q
(x̂(1)¡ xis(1))2 + (ŷ(1)¡ yis(1))2 + (ẑ(1)¡ zis(1))2:

(22)

In the above, h̄(xp(1),x
i
s(1)) is the nonlinear measure-

ment function for the stacked measurement [μi(1)

°i(1) ẑ(1)]

h̄(xp(1),x
i
s(1)) =

·
h(xp(1),x

i
s(1))

ẑ(1)

¸
(23)

where ẑ(1) is the measurement (prior information) of

target altitude.

The target velocity, acceleration, and jerk estimates

are initialized with mean zero and variances (2vmax)
2=12,

(2amax)
2=12, and (2jmax)

2=12, respectively, for the X and

Y coordinates, and mean vmax=2, amax=2, and jmax=2

and variances v2max=12, a
2
max=12, and j

2
max=12, respec-
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tively, for the Z coordinate, where vmax, amax, and jmax
are the maximum possible velocity, acceleration and

jerk, respectively. In the above, uniform distributions in

[¡vmax,vmax], [¡amax,amax], and [¡jmax,jmax] are used
for the X and Y coordinates, since their initial values

can be positive or negative, while [0,vmax], [0,amax], and

[0,jmax] are used for the Z coordinate, since its initial

values are always positive.

4.2. Track Initialization for Synchronized Sensors

If the sensors are synchronized, the initial target po-

sition is found using the Iterated Least Squares (ILS) es-

timator by fusing the measurements from all the sensors

(configuration III fusion [1]). The estimate at iteration

j+1 is given by

x̂j+1p (1) = x̂jp(1)+ (
¯̄
H
j0

(1)
¯̄
R
¡1
(1)

¯̄
H
j

(1))¡1
¯̄
H
j 0

(1)
¯̄
R(1)¡1

£ [z(1)¡h(x̂jp(1),xs(1))] (24)

where z(1) = [z1(1) z2(1) ¢ ¢ ¢zn(1)]0, n is the number of
sensors,

¯̄
R(1) = diag(R1(1),R2(1), : : : ,Rn(1)),

h(xp(1),xs(1)) =

2666664
h(xp,x

1
s )

h(xp,x
2
s )

...

h(xp,x
n
s )

3777775 (25)

and

¯̄
H
j

(1) =
@h(xp(1),xs(1))

@xp(1)

¯̄̄̄
¯
xp(1)=x̂

j
p(1)

(26)

is the Jacobian matrix, which is the stacked matrix with

elements of ith block given by (12), (13), (15), and (16).

An initial estimate x̂0p(1) for the ILS estimator is
obtained from the intersection of the measurement from

any one sensor with the earth’s surface, as explained in

section Track Initialization for Asynchronous Sensors.

The covariance of this (nonlinear) estimator2 is

P(1) = (
¯̄
H(1)0

¯̄
R(1)¡1

¯̄
H(1))¡1 (27)

where
¯̄
H is the last

¯̄
H
j

from (26).

The initial target velocity, acceleration, and jerk can

also be estimated using a polynomial fit with composite

measurements from the first few scans. The recursive

filter can be started from k = 1 with a larger covari-

ance than the polynomial fit indicates to avoid “double

counting” the measurement information.

4.3. Forward Filtering

Since there is no measurement between the two

stages of the boost phase, the times at which the boost

2This covariance is based on the CRLB. However, as shown in [17],

this estimator is statistically efficient, i.e., the CRLB yields the actual

covariance.

stages are changing are known. If measurements are

obtained during t1 to t2 and t3 to t4, then it is known

that the target is under free-flight phase during t2 to t3.

Absence of measurements for certain time period helps

to know the boost phase transition. Hence, there is no

need to use an IMM here.

For asynchronous sensors, an Extended Kalman

Filter (EKF) is used to handle the nonlinearity in the

measurement equation using sequential updating (con-

figuration IV fusion [1]). For synchronized sensors, the

EKF can be replaced with a Kalman Filter by find-

ing composite measurements (i.e., complete target po-

sitions) from the azimuth and elevation measurements

of all the sensors [1]. Composite measurements can be

obtained using the ILS estimator, as explained in sec-

tion Track Initialization for Synchronized Sensors. The

target’s dynamic model is adaptively changed based on

the boost phase changes, which are known from the

absence of measurements during the free-flight motion.

A Wiener process jerk model is used during [t1, t2¡ td],
where td is the time the target takes to go to free-flight

phase from full acceleration of the first stage of the

boost phase (decay time). During [t2¡ td, t2], a white-
noise jerk model is used with large process noise, whose

variance is calculated based on the estimated accelera-

tion at time t2¡ td and the acceleration of free-flight
phase (ẍ= 0, ÿ = 0 and z̈ =¡g, where g is the grav-
itational acceleration of the earth, assumed constant).

In one generic coordinate, the standard deviation of

the process noise is set as (at2¡td ¡ at2 )=td, where a is
the acceleration. A white-noise jerk model with zero

(or very small) process noise is used during [t2, t3].

Again, during [t3, t4], a Wiener process jerk model is

used.

The exact value of td is not known to the tracker.

A white noise acceleration model with large process

noise will work in [t2¡ td, t2] even if the actual motion
is Wiener process jerk model, but it is not true for the

converse. Hence, a maximum possible duration is used

for td.

The estimated target state and its covariance must be

modified during the model transitions. For the model

transition at t2¡ td, i.e., Wiener process jerk model to
white-noise jerk model, the jerk estimates and the cor-

responding covariances are removed. For the model

transition at t2, i.e., white-noise jerk model with large

process noise to white-noise jerk model with zero or

very small process noise, the acceleration estimates are

changed to ẍ= 0, ÿ = 0 and z̈ =¡g, and the variances of
the acceleration estimates are set to zero (or very small).

For the model transition at t3, the acceleration estimates

are set to zero and the variances of the acceleration esti-

mates are set to (amax=2)
2. Similarly, the jerk estimates

are set to zero with variance (jmax=2)
2.

A constrained Kalman Filter can be used to impose

a minimum acceleration, which will help improve the

tracking accuracy [18]. A directional process noise can
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also be used based on the estimated velocity to reduce

the uncertainty in the target motion.

The Wiener process jerk model can be replaced with

an exponentially autocorrelated acceleration model.

However, an accurate value of ® must be known to get

better estimates. The comparison of Wiener process jerk

model and autocorrelated acceleration model is given in

the simulation section.

The sequential updating technique, i.e., update of

the target state with the measurement of one sensor at

a time, is used to handle measurements from multiple

sensors [1].

4.4. LP Estimation using Smoothing

After getting the estimate at EOB using forward

filtering, smoothing is applied to find the estimate of the

launch point. The smoothing can be performed back to

the first measurement time as follows [2]

x̂(k jN) = x̂(k j k) +C(k)[x̂(k+1 jN)¡ x̂(k+1 j k)] (28)

P(k jN) = P(k j k) +C(k)[P(k+1 jN)¡P(k+1 j k)]C(k)0

(29)
for k =N ¡ 1, : : : ,2,1. In the above equation,

C(k) = P(k j k)F(k)0P(k+1 j k)¡1: (30)

Since only one model is used at a time during the

forward filtering, there is no need for IMM smoothing

here. However, if multiple models are used, then the

algorithm proposed in [15] must be used for smoothing

with IMM.

The covariance of the smoothed estimates minus the

covariance of the unsmoothed estimates must be neg-

ative semidefinite. Otherwise, from (29), the smoothed

covariances become larger and larger with the backward

iteration. If backward transition modifications are per-

formed as the forward transitions, the smoothed vari-

ances of the jerk and/or acceleration become larger than

their unsmoothed variances. Hence, backward transi-

tions are handled as follows:

1) Wiener process jerk model to free-flight model

(white noise jerk model with very small noise and

known accelerations) backward transition (at t3):

² the smoothed accelerations are set to [0 0 ¡g].
² the covariance is modified using (29) with F =
12£ 9 matrix of zeros except
F(1,1) = F(2,2) = F(3,3) = F(5,4) = F(6,5)

= F(7,6) = F(9,7) = F(10,8) = F(11,9) = 1

(31)

and Q = 12£ 12 matrix of zeros except
Q(3,3) =Q(7,7) =Q(11,11) = (amax=2)

2

(32)

Q(4,4) =Q(8,8) =Q(12,12) = (jmax=2)
2:

(33)

In (29), P(k+1 j k) is found using the above F
and Q matrices as

P(k+1 j k) = FP(k)F 0+Q (34)

where k and k+1 indicate before and after the

transition, respectively.

2) Free-flight model to white noise jerk model back-

ward transition (at t2):

² if it is assumed that there is no sudden jump
in the acceleration during this transition, then no

modification is needed.

² if a possible jump is assumed in the acceleration,
then

– the smoothed acceleration estimates are set to

the forward filter estimates at the transition

time, and

– the covariance is modified using (29) with

F = 9£ 9 identity matrix and Q = 9£ 9 matrix
of zeros except

Q(3,3) =Q(6,6) =Q(9,9) = (amax=2)
2: (35)

3) White noise jerk model to Wiener process jerk model

backward transition (at t2¡ td):
² the smoothed jerk estimates are set to the forward
filter estimates at the transition time, and

² the covariance is modified using (29) with F =
9£ 12 matrix of zeros except

F(1,1) = F(2,2) = F(3,3) = F(4,5) = F(5,6)

= F(6,7) = F(7,9) = F(8,10) = (9,11) = 1

(36)
and Q = 9£9 matrix of zeros.

Finding the LP estimate using backward prediction from

the smoothed estimate at the first measurement time (t1)

is difficult for the following reasons:

² The exact target dynamics, which may have multiple
legs with different motion models, are unknown.

² It is possible to have abrupt changes in the accelera-
tion.

² Flying time before the first measurement is unknown.
Uncertainties in the LP estimation can be reduced by

using the following additional information:

² The velocity of the target is zero at the launch time.
² The altitude is nearly zero (or a known value based
on the local topography) at launch time.
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For the LP estimation using the smoothed state x̂(1 j K),
the state to be estimated is the state at LP, x(0), and
the “measurement” is x̂(1 j K). Then, the measurement
equation for the X coordinate is26666664

x̂(1 j K)
_̂x(1 j K)
ˆ̈x(1 j K)
.̂..
x(1 j K)

37777775
| {z }

bx

=

2666664
1 T T2=2 T3=6

0 1 T T2=2

0 0 1 T

0 0 0 1

3777775

2666664
x(0)

0

ẍ(0)

...
x(0)

3777775
+ vx(0)+!x(1) (37)

=

2666664
1 T2=2 T3=6

0 T T2=2

0 1 T

0 0 1

3777775
| {z }

Ax

2664
x(0)

ẍ(0)

...
x(0)

3775
| {z }
xLPx

+ vx(0)+!x(1) (38)

where vx(0) is the process noise from launch time to

the first measurement time and !x(1) is the “measure-

ment noise” (error in x̂(1 j K)), whose covariance is
the smoothed estimate’s covariance of the X coordinate

state at the first measurement time.

A similar equation is used for the Y coordinate. For

the Z coordinate,26666664

ẑ(1 j K)
_̂z(1 j K)
ˆ̈z(1 j K)
.̂..
z(1 j K)

37777775
| {z }

bz

=

2666664
1 T T2=2 T3=6

0 1 T T2=2

0 0 1 T

0 0 0 1

3777775

2666664
0

0

z̈(0)

...
z(0)

3777775
+ vz(0)+!z(1) (39)

=

2666664
T2=2 T3=6

T T2=2

1 T

0 1

3777775
| {z }

Az

"
z̈(0)

...
z(0)

#
| {z }
xLPz

+vz(0)+!z(1):

(40)

Since there is no measurement available from the launch

time to the first measurement time, the target can be

backward-predicted in the X, Y, and Z coordinates sep-

arately only if the measurement noises are uncorre-

lated among coordinates. However, the covariance of

the smoothed estimate x̂(1 j K) will have non-zero val-
ues for cross-covariance between coordinates. Hence,

the above equations for the X, Y, and Z coordinates

must be stacked to find the correct least squares esti-

mate.

The least squares estimate of LP is then given by

x̂LP = (A
0§¡1A)¡1A0§¡1b (41)

where xLP = [x
0
LPx

x0LPy x
0
LPz
]0, A= diag(Ax,Ay,Az), b =

[b0x b
0
y b

0
z]
0, and § is the sum of the covariance of the

smoothed estimate at the first measurement time and the

covariance Q0 of the process noise v(0).

The covariance of the least squares estimate is

given by

cov(x̂LP) = (A
0§¡1A)¡1: (42)

In the above covariance calculation, launch time is

assumed to be known. However, there is uncertainty in

T, hence in A.

To include the uncertainty in T, T is stacked with the

state vector to yield the augmented state yLP = [x
0
LP T]

0.
Since this is a nonlinear least squares problem, the ILS

approach, as described in section 4.2, is used to estimate

the launch point. The linearized measurement matrix

becomes

Ā=

266666666666666666666666664

1 T2=2 T3=6 0 0 0 0 0 ẍ(0)T+
...
x(0)T2=2

0 T T2=2 0 0 0 0 0 ẍ(0)+
...
x(0)T

0 1 T 0 0 0 0 0
...
x(0)

0 0 1 0 0 0 0 0 0

0 0 0 1 T2=2 T3=6 0 0 ÿ(0)T+
...
y(0)T2=2

0 0 0 0 T T2=2 0 0 ÿ(0)+
...
y(0)T

0 0 0 0 1 T 0 0
...
y(0)

0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 T2=2 T3=6 z̈(0)T+
...
z(0)T2=2

0 0 0 0 0 0 T T2=2 z̈(0)+
...
z(0)T

0 0 0 0 0 0 1 T
...
z(0)

0 0 0 0 0 0 0 1 0

377777777777777777777777775

: (43)
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Fig. 2. Boost phase acceleration in each coordinate.

The estimate at iteration j+1 is given by

ŷ
j+1
LP = ŷ

j
LP + (Ā

0§¡1Ā)¡1Ā0§¡1[b¡ ĀŷjLP]: (44)

An initial estimate ŷ0LP for the ILS estimator is obtained

using (41) with an assumed T.

The covariance of the iterative least squares estimate

with uncertainty in the launch time is

cov(ŷLP) = (Ā
0§¡1Ā)¡1: (45)

Without any additional constraints, the solution of

(44) might converge to a wrong estimate if the initial

guess for the launch time is not close to the actual value.

The solution can be improved by adding additional

constraints for the accelerations

sign( _̂x(1 j K)) = sign(ẍ(0)) (46)

sign( _̂y(1 j K)) = sign(ÿ(0)) (47)

sign( _̂z(1 j K)) = sign(z̈(0)): (48)

The above constraints say that the direction of the ac-

celeration must be same as the direction of the velocity

component of b. A constrained nonlinear least squares

algorithm is required to solve the above problem [9].

MATLAB “fmincon” function can be used to solve the

above problem.

4.5. Posterior Cramer-Rao Lower Bound

The PCRLB, which is defined as the inverse, J(k)¡1,
of the Fisher Information Matrix (FIM), gives a lower

bound on the error covariance [20]

Ef[x̂(k)¡ x(k)][x̂(k)¡ x(k)]0g ¸ J(k)¡1 (49)

where E denotes expectation over (x(k), Z(k) = [z(1),

z(2), : : : ,z(k)]).

For a system with a linear dynamic model and

a nonlinear measurement model without measurement

origin uncertainty, J(k+1) can be written as [8]

J(k+1) = [Q(k) +F(k)J(k)¡1F(k)0]¡1

+

nX
i=1

E(Hi(k)0Ri(k)¡1Hi(k)) (50)

with the (m,n)th element of matrix Hi(k) being given by

[Hi(k)](m,n) =
@[hi(k)](m)

@x(k)(n)
: (51)

The PCRLB for smoothing without measurement

origin uncertainty is the same as (29) [19].

During model transitions, the PCRLB can be mod-

ified in the same manner as the covariance modifica-

tions discussed in the forward filtering and smoothing

sections.

5. SIMULATION RESULTS

The simulation settings are as follows:

² Target launch location at T0 = 0 is 30±N latitude, 45±E
longitude and 0 m altitude with heading east.

² First measurement is received 20 s after launch.
² The sampling interval is 0.2 s.
² The measurement error standard deviation (azimuth
and elevation) is 10 ¹rad.

² Two IR sensors located on geostationary satellites.
–Satellite 1 located at time T0 is: 0

± latitude, 5±W
longitude and 37000 km altitude.

–Satellite 2 located at time T0 is: 0
± latitude, 60±E

longitude and 37000 km altitude.

² Measurements are synchronized between the two

satellites.

The target trajectory is based on real data [4] and

measurements are generated using simulation. The net

acceleration magnitude of the target is shown in Fig. 1.

Acceleration in each coordinate is shown in Fig. 2.

During the free-flight motion, the acceleration is as-

sumed to be [0,0,¡10] m/s2, however the actual values
of the acceleration in the X-direction vary from ¡3:3
to ¡1:7 m/s2 and in the Z-direction vary from ¡12:3 to
¡11 m/s2. The atmospheric drag, which acts opposite to
the target velocity vector, is the reason for the mismatch

between the assumed and the actual accelerations. There

is no mismatch in the acceleration in the Y-direction,

since the velocity, hence drag, in that direction is zero.

The first stage boost decay time td is assumed to be

5 s. A possible jump was assumed in the acceleration

during the model transition at t2. A constrained Kalman

Filter is used to impose a minimum acceleration with

ẍmin =¡2 m/s2, ÿmin =¡2 m/s2 and z̈min =¡12 m/s2.

5.1. EOB Estimate

The ground truth and estimates of the position of

the targets from a sample run are shown in Fig. 3.

Fig. 4 shows a magnified plot of Fig. 3 around the

first measurement time. The velocity, acceleration, and
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Fig. 3. Position estimates from a sample run.

Fig. 4. Magnified plot of position estimates around the first

measurement time.

jerk estimates from a sample run are shown in Figs. 5,

6, and 7, respectively. Due to insufficient measurement

accuracy and short sampling duration, the acceleration

reduction of the target during the time 50 s to 55 s

is not estimated accurately. Jerk estimates are also not

accurate. Even though jerk estimates are not accurate,

the position, velocity and acceleration estimates are

reasonably accurate.

The Root Mean Square Error (RMSE) values of

position estimates calculated from 100 Monte-Carlo

runs are shown in Fig. 8. When all the measurements

are used, the RMSE at the EOB is around 125 m.

Position RMSE is continuously increasing from time

55 s to 60 s because of absence of measurements and

mismatch between assumed and actual acceleration. The

position RMSE with the measurements of the second

stage of the boost phase of the target is also shown

in Fig. 8. The corresponding velocity RMSE is shown

in Fig. 9. From these figures, it can be noticed that

due to the high uncertainty in the acceleration and jerk

at the start of second stage of the boost phase and

Fig. 5. Velocity estimates from a sample run.

Fig. 6. Acceleration estimates from a sample run.

Fig. 7. Jerk estimates from a sample run.

high process noise, information from 20 s to 50 s did

not give any improvement to the RMSE of the EOB

state estimate. Position and velocity PCRLBs at EOB

with measurements of different start times are shown in
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Fig. 8. EOB RMSE of position estimates with all measurements

versus only measurements after 60 seconds.

Fig. 9. EOB RMSE of velocity estimates with all measurements

versus only measurements after 60 seconds.

Figs. 10 and 11, respectively. From these two figures,

it can be noticed that the measurements before 65 s do

not add significant information to EOB state estimate.

5.2. LP Estimate

As expected, smoothed velocity, acceleration and

jerk estimates are better than the filtered estimates with-

out smoothing, as shown in Figs. 12, 13, and 14. Posi-

tion and velocity RMSEs are also significantly improved

by smoothing, as shown in Figs. 15 and 17. Since the ve-

locity at the LP is assumed to be zero, there was no need

to estimate it. As a result, the velocity RMSE is close to

zero. The position RMSE at LP is around 500 m, which

is a reasonable value for launch point estimation prob-

lem. The position RMSE of the launch point estimate is

much higher than the estimate at the first measurement

time (20 s), since no measurements were available from

0 s to 20 s. Figs. 16 and 18 show the PCRLB values

corresponding to position and velocity RMSEs, respec-

tively. The PCRLB and RMSE values are similar except

Fig. 10. Square root of position PCRLB of EOB state estimate

with different measurement start time.

Fig. 11. Square root of velocity PCRLB of EOB state estimate

with different measurement start time.

at LP. The lower PCRLB compared to the RMSE at LP

could be due to model mismatch.

The position and velocity RMSE of the smoothed

estimates with measurements from first stage of boost

phase of the target are shown in Figs. 19 and 20,

respectively. From these figures it can be noticed that the

measurements from the second stage of the boost phase

do not contribute significantly to the LP estimation

due to the sudden changes in acceleration and jerk

during stage transition and the high process noises.

Position PCRLBs of LP estimate using measurements

with different end times are shown in Fig. 21. From

this figure it can be noticed that the measurements after

50 s do not add significant information to LP estimate.

The comparison of the Wiener process jerk model

with exponentially autocorrelated acceleration model is

shown in Figs. 22 and 23. In this comparison, the fol-

lowing values are used for ®: ®x =¡0:02, ®y =¡0:02,
®z =¡0:01. Except for the LP estimate, the RMSEs of
both models are almost at the same level, since both
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Fig. 12. Smoothed estimates of velocity from a sample run.

Fig. 13. Smoothed estimates of acceleration from a sample run.

Fig. 14. Smoothed estimates of jerk from a sample run.

models have almost the same error in approximating

the actual model.

The RMSE, bias, and Standard Deviation (STD) of

the LP estimate with the Wiener process jerk model and

Fig. 15. Position RMSE.

Fig. 16. Square root of position PCRLB.

Fig. 17. Velocity RMSE.

the exponentially autocorrelated acceleration model are

shown in the columns two to five of Table I. The value

of covariance Q0 of the process noise v(0) is set using

(6) with PSD qm = 0:01 m
2s¡7. For the Wiener process
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Fig. 18. Square root of velocity PCRLB.

Fig. 19. RMSE of smoothed position estimates with all

measurements versus only measurements of first stage of boost

phase.

Fig. 20. RMSE of smoothed velocity estimates with all

measurements versus only measurements of first stage of boost

phase.

Fig. 21. Square root of position PCRLB of LP estimate with

different measurement end time.

Fig. 22. RMSE of position estimates with Wiener process jerk

model versus exponentially autocorrelated acceleration model.

Fig. 23. RMSE of smoothed position estimates with Wiener

process jerk model versus exponentially autocorrelated acceleration

model.
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TABLE I

Bias, RMSE and Standard Deviation of LP Estimate Calculated from 100 Monte-Carlo runs with 20 s Delay Before First Measurement

CWPJ Model Exponentially Autocorrelated CWPJ Model CWPJ Model and

and Acceleration Model and and Wrong Launch Time

Known Launch Time Known Launch Time Estimated Launch Time (assumed delay 25 s)

x (m) y (m) x (m) y (m) x (m) y (m) x (m) y (m)

RMSE 376.97 185.50 855.98 112.53 368.72 130.71 381.53 273.07

Bias ¡295:70 28.85 ¡846:41 6.10 ¡309:12 12.87 ¡170:46 52.49

STD 235.00 184.16 128.23 112.93 202.01 130.73 343.05 269.33

jerk model, the RMSE value in the X-direction is sig-

nificantly larger than the STD due to the bias in the

estimate. The bias in the estimate of the X coordinate is

due to sudden change in the acceleration after 5 s from

the launch (see Fig. 2), which introduces a model mis-

match. For the exponentially autocorrelated acceleration

model, the smoothed state’s error standard deviation is

reasonably small, however the RMSE values are large

due to the large biases. These biases are due to the mis-

match between the actual and used ® values. It is very

difficult to estimate a value for ® in the time duration 0

to 20 seconds without any measurements.

So far, the launch time has been assumed known

(i.e., the launch time is assumed first measurement

time minus 20 s). When the launch time is unknown,

the launch point estimation results obtained using

MATLAB “fmincon” with constraints (46)—(46) are

shown in the columns six and seven of Table I. The

average of the launch time estimate T̂ is 18.41 s. In

order to analyze the effect of error in the launch time,

smoothing is performed by assuming that the launch

time is the first measurement time minus 25 s using

(41). The corresponding RMSE, bias and STD of the

LP estimate are shown in the last two columns of

Table I. From Table I, it can be noticed that a small error

in the launch time does not increase the position RMSE

significantly. Even though the error in the launch time

might affect the initial acceleration and jerk estimates,

the launch time and the initial acceleration and jerk

do not appear to be as vital as the launch position

estimate.

6. CONCLUSION

In this paper, the launch point estimation of a ballis-

tic target using the measurements from satellite-borne

passive sensors during the boost phase of the target is

considered. The target is assumed to have a two-stage

boost phase with a free-flight phase between the two

stages. A profile-free method with an adaptive model

selection relying on the free-flight duration (assumed to

be observed) is proposed for end-of-burnout and launch

point estimation of ballistic targets. Measurements are

assumed available only staring at a certain time after the

launch. The launch point is estimated using smoothing

followed by a least squares estimator. Prior information

on the launch state such as zero initial velocity and zero

(or known) altitude at launch are used to improve the

estimate of the launch point.

From the simulation results as well as the PCRLB,

it was observed that the launch point estimates were not

improved by using measurements from the second stage

of the boost phase. Hence, if the launch point estimate

is the only item of interest, then there is no need for

complicated filters like IMM to detect the maneuvers

that occur after the time at which the accuracy of

launch point estimate saturates. Also, the simulation

results suggested that the exponentially autocorrelated

acceleration model is not a good choice for launch point

estimation and the Wiener process jerk model is the

better.

APPENDIX. NOMENCLATURE

Ef¢g Expectation operator

F State transition matrix

° Elevation

Q Process noise covariance

h Nonlinear measurement function

H̄ Jacobian of nonlinear measurement function
¯̄
H Jacobian of stacked nonlinear measurement

functions

J Fisher information matrix

P Covariance of the state estimate

R Measurement error covariance

T Sampling period

μ Azimuth

x State vector

x̂ Estimate of state vector x

z Measurement vector
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